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Characteristics of Striplines With Inhomogeneous
Cylindrical Substrate
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Abstract—A mode-matching technique combined with
Galerkin’s method is proposed in this paper to analyze the char-
acteristics of striplines embedded in an inhomogeneous cylindrical
medium. The potential in each layer is expressed in terms of
eigenmodes obtained numerically. Coupling between two sets of
eigenmodes in contiguous layers is described by defining potential
ratio coefficient matrices. An integral equation is derived based
on these eigenmodes with charge on the stripline as unknown. The
method of moments is then applied to solve this integral equation.
Various parameters are analyzed for their effects on transmission
characteristics.

Index Terms—Cylindrical striplines, Galerkin’s method,
inhomogeneous, integral equation, layered medium, mode
matching, transmission characteristics.

I. INTRODUCTION

CYLINDRICAL striplines can be used in designing balun,
slotted line, coaxial-to-planar line transition adapters,

impedance transformers, filters, feed networks of cylindrical
antennas, etc. Recent advances in integrated circuit (IC)
technology also make the multiconductor transmission line an
important component in high-speed digital ICs. However, the
design of passive circuits on curved surfaces or in an inhomo-
geneous medium is difficult with most numerical approaches
[1], [2]. The problems of cylindrical or elliptical transmission
lines have been analyzed by using various techniques including
the conformal-mapping technique [3]–[5], iterative approach
[6], variational approach [7], method of lines [1], [8], method
of moments [9], [10], modified residue calculus technique [11],
finite- and infinite-element methods [12], finite-difference
time-domain method [13]–[15], etc.

For cylindrical microstrip lines and striplines in a less compli-
cated layered medium, approximate closed-form solutions can
be obtained [16], [17]. In [7], a variational technique in the spec-
tral domain is developed to study arbitrary multiconductor and
multidielectric cylindrical striplines. In [18], a cylindrical mi-
crostrip line in a half-open space is studied. In [13], impedance
matching at the junction of a coaxial transmission line and a
cylindrical microstrip line is achieved by adjusting the radius or
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the dielectric constant. In [15], three-dimensional (3-D) struc-
tures of cylindrical coplanar waveguide filters are studied by
using the finite-difference time-domain method.

Conformal-mapping technique can only be used to calculate
static parameters rather than frequency-dependent parameters
of the microstrip. In [10], the dyadic Green’s function is used to
derive a full-wave analysis in the form of Fourier series, and
the dispersion properties are determined by using Galerkin’s
method. In [19], the dielectric constant in each layer is assumed
to be a function of the transversal direction in the Cartesian co-
ordinates. This approach can be extended to study cylindrical
microstrip lines on an inhomogeneous layered medium by using
a conformal-mapping technique.

In this paper, an alternative approach is proposed by applying
the mode-matching technique with Galerkin’s method directly
to the cylindrical problems. Each layer of the cylindrical sub-
strate in all the above references, except [2] and [20], is con-
sidered as a homogeneous medium. In [2], the dielectric con-
stant of the cylindrical microstrip lines is assumed as a function
of radius. In [20], the dielectric constant in each layer of the
wedge-supported cylindrical microstrip lines with an indented
ground is a function of the azimuthal angle. In this paper, it is
emphasized that the medium in each layer is inhomogeneous in
the azimuthal direction, where local inhomogeneities near the
stripline can be utilized to adjust the phase velocities of the
guided-wave modes. A concise description of this study was
presented in [21].

In Section II, a generalized Laplace equation in cylindrical
coordinates is derived first, and is then solved by using the sep-
aration-of-variable technique and an eigenmode analysis. The
eigenmodes thus obtained are used to expand the potential dis-
tribution in each inhomogeneous layer; an integral equation is
then formulated by matching proper boundary conditions. Fi-
nally, Galerkin’s method is applied to solve the integral equation
for the charge distribution on the strip from which the transmis-
sion characteristics are derived.

II. FORMULATION

Fig. 1 shows the cross section of a uniform stripline em-
bedded in an inhomogeneous cylindrically layered medium. The
configuration is uniform in the -direction, and the dielectric
constant in each layer is a function of the azimuthal angle, i.e.,

. The electrostatic field can be derived from a potential
distribution, and satisfies the Gauss law as

(1)
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Fig. 1. Cross-sectional view of a stripline embedded in a cylindrical
inhomogeneous medium.

where is the potential distribution, is the electrostatic
field, is the electric flux density function, and is the
charge distribution. The potential distribution can be shown to
satisfy the Poisson’s equation in the cylindrical coordinates as

(2)

In the absence of charge, the Poisson equation is reduced to the
following generalized Laplace equation:

(3)

Using the separation-of-variable technique, the potential dis-
tribution is first expressed as a product of functions of and ,
respectively, as

(4)

where and satisfy separate harmonic equations as

(5)

with the separation constant . When the dielectric constant is
independent of , the solutions to (5) reduce to the following
mode functions:

(6)

which satisfy the orthonormality properties that

(7)

Assume that the solutions to (5) in the presence of an inho-
mogeneous medium can be expressed as a superposition of the
mode functions as

(8)

where the expansion is truncated to the first mode functions.
Substituting (8) into (5), we have

(9)
Taking the inner product of each mode function with
(9), we obtain the following eigenmatrix equation:

(10)

where is the th eigenvalue associated with the th eigen-
vector , . The coefficients
are normalized to let the eigenfunctions satisfy the or-
thonormality condition that or

with the th element of being .
The potential distribution in each layer can be expressed in

terms of the eigenfunctions in that layer as

(11)

where , , , and are vectors containing the
expansion coefficients in each layer, ,

, , and are
diagonal matrices with ,

, and

(12)

with .
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To facilitate the derivation, define potential ratio coefficient
matrices at and at in layer such
that

(13)

The potential in layer is thus expressed as

(14)

Assume that a perfect electric conductor is placed at
as a reference, which implies . Thus, we have

with being an identity matrix. At , impose
the boundary conditions that the potential and normal electric
flux density are continuous, i.e., and

, . By applying
these conditions to the potential distributions in (14), we have

(15)

where . Eliminating and , we
have

(16)

where the normalized potential ratio coefficient matrices are de-
fined as

(17)

The explicit form of can be derived from (16) as

(18)

At with , impose the continuity con-
ditions that and

to have

(19)

A recursive formula for the potential ratio coefficient matrices
is derived as

(20)
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Similarly, imposing the continuity conditions at
that and ,

, with ,
we have

(21)

Hence, another recursive formula is derived as

(22)

Next, at the interface where the microstrip is lo-
cated, impose the conditions that the potential distributions are
continuous, and the discontinuity of normal electric flux density
accounts for the charge distribution on the microstrip, namely,

(23)

Applying the same technique as in deriving the recursive for-
mulas of the potential ratio coefficient matrices, we obtain

(24)

where

(25)

The coefficient is thus expressed in terms of the charge co-
efficients as

Finally, impose the boundary condition that the potential on
the mircostrip surface is equal to the impressed voltage to
form an integral equation with the charge distribution as un-
known

on strip (26)

where

(27)

can be viewed as the Green’s function between the charge dis-
tribution and the potential.

To solve the integral equation, first choose a set of basis func-
tions to expand the surface charge as

(28)

The charge coefficients can then be expressed in terms of the
coefficients as

(29)

where . Substitute (29) into the integral
equation, choose the same set of basis functions as weighting
functions, and take the inner product of each weighting function
with the resulting equation to obtain a matrix equation as

(30)
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The per-unit-length capacitance is defined as the total per-
unit-length charge over the impressed voltage, which is obtained
by integrating the surface charge density over the microstrip
surface in the -direction. The characteristic impedance of the
transmission line is calculated as

(31)

where is the velocity of light in free space, is the per-unit-
length capacitance in free space, and is the per-unit-length
capacitance of the transmission line.

III. RESULTS AND DISCUSSIONS

A convergence test has been presented in [21] on the charac-
teristic impedance of a stripline inserted in a coaxial cable with
respect to mode and basis numbers. It is shown that the numer-
ical results converge as the mode number is greater than 60. It
is also found that more modes are needed to obtain convergent
results when the basis number is increased. Using more modes
implies better resolution for the charge distribution, but longer
CPU time. It takes a few seconds to obtain one characteristic
impedance with 100 modes, using a personal computer with a
Pentium III CPU 600-MHz clock rate. The CPU time can be fur-
ther reduced if tabulation technique is used to store repeatedly
used data.

Fig. 2 shows the impedance of coupled cylindrical striplines
as a function of strip separation and mode number for both the
even and odd modes. Our results match well with those in [7].
Coupling effects between conductors can be described by equiv-
alent capacitors. Since the two metal strips are surrounded by
two grounded cylinders, capacitance between each metal strip
and each grounded cylinder exists for both the even and odd
modes. An extra field coupling exists between the two metal
strips for the odd mode, which is associated with an extra cou-
pling capacitor. Thus, the capacitance of the odd mode is higher
than that of the even mode; hence, the characteristic impedance
of the odd mode is less than that of the even mode. As the
strips are separated farther apart, the coupling effects between
them become less obvious, and the deviation of characteristic
impedance reduces.

Fig. 3 shows the variation of characteristic impedance of a
single stripline with the span angle of the strip. Since the
capacitance is roughly proportional to the strip span angle, the
characteristic impedance is almost inversely proportional to the
span angle . This implies that impedance matching with other
circuits can be achieved by adjusting the width of a cylindrical
stripline in addition to the radius or the dielectric constant of the
layered medium [13].

Fig. 4 shows the effective dielectric constant of a stripline on
top of an inhomogeneous layer that encloses a homogeneous
layer with relative dielectric constant . A region with a rela-
tively higher dielectric constant tends to induce stronger elec-
tric field. Hence, the effective dielectric constant increases as
increases. The variation of electric-field distribution can be ex-
plained by viewing the structure as three equivalent capacitors.
The first one is between the metal strip and outer cylinder, the
second one is between the metal strip and interface at ,
and the third one is between the inner cylinder and the interface

(a)

(b)

Fig. 2. Effect of mode number on the characteristic impedance of two coupled
striplines, b=a = 1:4, c=a = 1:8, � = 2:55, � = 20 . —: � = 10 , ten
bases. – –: � = 10 , 16 bases. -�-: � = 2 , ten bases. -�- � = 2 , 16 bases.
(a) Even mode. (b) Odd mode. The characteristic impedance of the even mode
in [7] is 45.02 
 for � = 10 , 48.77 
 for � = 2 , and that of the odd mode is
42.23 
 for � = 10 , 35.45 
 for � = 2 .

at . The first capacitor is in shunt with the series com-
bination of the second and third ones. The series capacitance of
the second and third capacitors increases as increases, and
the first capacitor is invariant to , Thus, the effective dielec-
tric constant increases with increasing . Due to the wide free
space above the strip, the effective dielectric constant increases
less slowly than does. Hence, the range of effective dielectric
constant is smaller than that of . It is observed that the effec-
tive dielectric constant is almost independent of the strip width,
and appears almost as a linear function of the substrate dielec-
tric constant, similar to those in [18].

Fig. 5 shows the effective dielectric constant of a stripline
supported by a thin membrane. An air pocket is created beneath
the strip to increase the phase velocity of the line. The variation
of electric-field distribution can be understood by using four
equivalent capacitors. The first one is between the metal strip
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Fig. 3. Variation of characteristic impedance with �, r =a = 1:8, r =a =

2:0, � = 1:0. —: this approach. �: results in [6]. +: results in [7].

Fig. 4. Effect of underlying layer � on the effective dielectric constant of
a stripline on a segmented inhomogeneous substrate a =R = 0:6, a =R =

17=30, a =R = 0:5, � = 80 . —: � = 20 . – –: � = 40 .

and outer cylinder, the second one is between the metal strip
and the interface at , the third one is between the inter-
faces at and , and the fourth one is between the
interface at and the inner cylinder. The first capacitor is
in shunt with the series combination of the second, the third, and
the fourth ones. The third capacitance decreases and the fourth
capacitance increases as increases. Since the substrate has a
much higher permittivity than free space, the series capacitance
of the third and fourth capacitors decreases as increases. The
first and second capacitors are invariant to the depth . Hence,
the effective dielectric constant decreases with the air-pocket
depth. It is confirmed that the air pocket increases the phase
velocity of the line and the effects become obvious when the
pocket is deeper than . It is also found that a wider strip
tends to incur a slower phase velocity.

Fig. 6 shows the effective dielectric constant of a stripline en-
closed by a region with high dielectric constant to reduce its

Fig. 5. Effect of air-pocket depth on the effective dielectric constant of a
stripline supported by a thin membrane a =R = 20:2=30, a =R = 2=3,
a =R = 0:5, � = 80 . —: � = 20 . – –: � = 40 .

Fig. 6. Effect of enclosure depth on the effective dielectric constant of a
stripline enclosed by a region with high dielectric constant a =R = 2=3,
a =R = 0:5, � = 80 . —: � = 20 , – –: � = 40 .

phase velocity. Four equivalent capacitors can be used to de-
scribe the variation of electric-field distribution. The first one is
between the top of the enclosure region and the outer cylinder,
the second one is between the metal strip and the top of the en-
closure region, the third one is between the metal strip and the
bottom of the enclosure region, and the fourth one is between
the bottom of the enclosure region and the inner cylinder. The
series combination of the first and second ones are in shunt with
the series combination of the third and fourth ones. The extent of
high-permittivity enclosure increases with . As increases, the
first and fourth capacitances increase, but the second and third
ones decrease. Since the enclosure region has a much higher per-
mittivity than free space and the substrate, the series capacitance
of the first and second ones increases, and the series capacitance
of the third and fourth ones increases as increases. The total
capacitance increases with the enclosure depth and so does the



1502 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 51, NO. 5, MAY 2003

(a)

(b)

Fig. 7. Effect of air pocket depth on the effective dielectric constant of the even
mode for two coupled striplines a =R = 20:2=30, a =R = 2=3, a =R =

0:5, � = 40 . —: � = 20 , – –: � = 40 . -�-: � = 60 . -�-: � = 80 .
(a) Even mode. (b) Deviation between even and odd modes.

effective dielectric constant. It is observed that the enclosure re-
gion begins to have an obvious effect as the enclosure thickness
is greater than . The effect is more obvious for a nar-
rower strip. For a wider strip, more electric field tends to pass
through the region outside of the enclosure. Thus, the effective
dielectric constant is relatively smaller.

Fig. 7 shows the effective dielectric constant of the even mode
for two coupled striplines supported by a thin membrane. The
air pocket below the thin membrane is intended to increase the
phase velocity of the guided mode. In Fig. 7(a), the air pocket
extends between the inner edges of the two coupled striplines. It
is observed that the effects become obvious when the pocket is
deeper than . The effective dielectric constant decreases
as the two striplines are moved apart. More electric fields pass
through the air pocket when its depth increases. Thus, the effec-

(a)

(b)

Fig. 8. Effect of channel thickness on the effective dielectric constant of the
even mode for two coupled striplines a =R = 2=3, a =R = 0:5, � = 40 .
—: � = 20 , – –: � = 40 . -�-: � = 60 . -�-: � = 80 . (a) Even mode.
(b) Deviation between even and odd modes.

tive dielectric constant is reduced. Fig. 7(b) shows the deviation
between the even and odd modes of two coupled striplines.
The deviation first increases then decreases as the depth of the
air pocket increases. It is expected that when the two lines are
far apart, the mode dispersion between the two lines becomes
smaller, and the effective dielectric constant of either mode ap-
proaches that of a single line. By this argument, the results imply
that the mode dispersion is strongest where the pocket depth is
around .

Fig. 8(a) shows the effective dielectric constant of the even
mode for two coupled striplines with a block of high dielec-
tric constant inserted in the substrate between the two lines.
The high dielectric-constant region tends to focus more elec-
tric fields, thus the effective dielectric constant increases as the
depth of the high permittivity region increases. The increase of
effective dielectric constant is more obvious as the thickness
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(a)

(b)

Fig. 9. Effect of buffer thickness on the effective dielectric constant of the
even and odd modes for two coupled striplines a =R = 2=3, a =R = 0:5,
� = 40 . —: � = 20 . – –: � = 80 . (a) Even mode. (b) Deviation
between even and odd modes.

of the region increases. For the odd modes, the inserted region
becomes a channel that guides the electric fields between the
two coupled striplines. More electric fields are confined by this
channel when the region becomes thicker, thus the effective di-
electric constant increases.

Fig. 8(b) shows the deviation between the even and odd
modes for the same structure. The deviation vanishes when the
depth of the high-permittivity region is varied from to

. This implies that the mode dispersion of this structure
can be adjusted to zero. The deviation turns negative when
the depth of the high-permittivity region is increased from

. As the channel becomes thicker, more electric fields are
confined between the two striplines through the channel. Thus,
the effective dielectric constant of the odd mode increases
more obviously than that of the even mode. As the bottom of
the channel moves closer to the inner conductor, more electric

Fig. 10. Effect of small region � on the effective dielectric constant of a
stripline above a small region with � , a =R = 2=3, a =R = 0:6, a =R =

0:5, � = 40 . —: � = 4 and � = 20 . – –: � = 4 and � = 40 . -�-:
� = 12 and � = 20 . -�-: � = 12 and � = 40 .

fields tend to be attracted to the inner conductor. Thus, the
dielectric constant of the even mode increases more obviously
with increasing depth of the high-permittivity region than that
of the odd mode.

Fig. 9(a) shows the effective dielectric constant of the even
mode for two coupled striplines supported by isolated buffers
having a lower dielectric constant than the host substrate.
As the buffers become thicker, the electric field emerging
from the strip surface passes through a wider area with lower
dielectric constant than the host substrate. Thus, the effec-
tive dielectric constant decreases. It is also observed that the
buffers begin to have an obvious effect as their thickness is
greater than . Fig. 9(b) shows the percentage devia-
tion of effective dielectric constant between the even and odd
modes. As the buffers become thicker, the deviation first in-
creases, and then decreases. Also notice that, as the separation
between the two strips increases, the percentage deviation be-
tween the even and odd modes decreases. The deviation for
the case of in Fig. 9(b) is magnified by tenfold to
make it more readable.

Fig. 10 shows the effective dielectric constant of a stripline
on top of an inserted buffer with relative dielectric constant .
The inserted buffer tends to concentrate more electric fields as
increases. Thus, the effective dielectric constant increases as the
relative dielectric constant increases. The range of effective
dielectric constant is smaller than that of since part of the
electric fields pass through free space. Also notice that the range
of the effective dielectric constant is wider when the dielectric
constant of the host substrate is higher.

Fig. 11(a) shows the effective dielectric constant of the even
mode for two coupled striplines with an inserted buffer permit-
tivity. The results are similar to those of a single stripline, as
shown in Fig. 10. Fig. 11(b) shows the deviation between the
two modes. The deviation between the two modes with



1504 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 51, NO. 5, MAY 2003

(a)

(b)

Fig. 11. Effect of small-region � on the effective dielectric constant of the
even and odd modes for two coupled striplines a =R = 2=3, a =R = 0:6,
a =R = 0:5, � = 40 , � = 60 , � = 20 . —: � = 4. – –: � = 12.
(a) Even mode. (b) Deviation between even and odd modes.

reduces to zero when is near seven, which implies that the
mode dispersion vanishes.

IV. CONCLUSIONS

A mode-matching technique combined with Galerkin’s
method is proposed in this paper to study the characteristics
of striplines embedded in a cylindrically layered medium
inhomogeneous in the azimuthal direction, which has not been
studied before. A convergence test with respect to the mode
number and basis number, as well as a comparison with the
literature verify the effectiveness of this approach. Several
inhomogeneous dielectric profiles are studied to understand
the effects of inhomogeneities on the characteristic impedance,
effective dielectric constant, and phase velocity of the striplines.
Underneath a stripline, a local region with higher permittivity

tends to focus the field distribution, and an air pocket tends to
increase the phase speed of the guided signal. A combination
of equivalent capacitors can be used to explain the variation of
the field distribution. A high-permittivity enclosure, dielectric
buffers, dielectric insertions, or air pocket can be used to
control the coupling between two transmission lines. Proper
adjustment of geometrical and electric parameters of these
inhomogeneities will eliminate mode dispersion along coupled
transmission lines, hence, a reduction of signal distortion along
these lines.
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